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The results given by Brenner & Cox (1963) for the resistance of a particle of
arbitrary shape in translation at small Reynolds numbers are generalized. Thus
we consider here a single particle of arbitrary shape moving with both translation
and rotation in an infinite fluid, the Reynolds number R of the fluid motion being
assumed small. With the additional assumption that the motion is steady with
respect to some inertial frame of reference, we calculate both the force and couple
on the body as an expansion in the Reynolds number to O(R2%In R). This force
and couple are expressed entirely in terms of various Stokes flows for the given
body in rotation or translation.

A discussion is given of the form taken by the formulae for the force and couple
for cases in which the body possesses symmetry properties. Quantitative results
are obtained for both a spheroid and a dumb-bell-shaped body in pure translation
and also for a translating rotating sphere and for a dumb-bell-shaped body in
pure rotation.

The application of the general results to ‘ quasi-steady’ problems is considered,
with particular reference to a freely falling spheroid (of small eccentricity) which
is shown to orientate itself so that it is broad-side on to its direction of motion.

Finally the general results are compared with those that would be obtained
by the use of the Oseen equations. By consideration of a particular example it
is shown that the Oseen equations do not in general give the correct value of the
force on the body to O(R).

1. Introduction

We consider a solid body of arbitrary shape undergoing uniform translation
and/or rotation in an infinite incompressible fluid, the Reynolds number (E) of
the fluid motion being small. For particular body shapes, the value of the force
and couple acting on the body have been given as an expansion in the Reynolds
number to O(R2In R). Thus Proudman & Pearson (1957) and Breach (1961) have
respectively calculated the force acting on a sphere and an ellipsoid in pure
translation, whilst Rubinow & Keller (1961) have given the force and couple
acting upon a rotating translating sphere, the direction of translation being
perpendicular to the axis of rotation. Brenner & Cox (1963) gave the force to
O(R?In R) on a body of arbitrary shape in pure translation, giving their result in
terms of the Stokes flows for the body in translation in any three non-coplanar
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626 R.G.Cox

directions. We consider here the more general problem of the calculation of the
force F and couple G on a body of arbitrary shape which is undergoing a general
motion consisting of a translation and/or a rotation, subject only to the restric-
tion that the resulting fluid motion be steady relative to some inertial frame of
reference. The computation of this force and couple to O(R?In R) requires only
the knowledge of: (i) the Stokes flow fields due to the given body being translated
in any three non-coplanar directions in a fluid at rest at infinity; and (ii) the
Stokes flow fields due to the given body being rotated about any three non-
coplanar directions in a fluid at rest at infinity.

As in the case of bodies undergoing purely translational motion (Brenner &
Cox 1963), it is shown that these formulae take on a more simple form for bodies
possessing symmetry properties, the force and couple then being expressible in
terms of the forces and/or couples on the body for the Stokes flows (i) and (ii), and
not in terms of the details of these velocity fields.

Two general classes of problems are considered in more detail. The first of
these is that of finding the force and couple on a non-rotating body of arbitrary
shape, for which it is shown that the value of the force is the same as that obtained
by Brenner & Cox (1963). The second class of problems is that of the rotating
axially symmetric body in uniform translation.

As examples of the problem concerning bodies in pure translation, we consider
that of the uniformly translating spheroid and that of the uniformly translating
dumb-bell for which explicit formulae are obtained for the force and couple. In
the former example, it is shown that there exists, in general, a couple of O(R)
acting on centrally symmetric bodies, whilst in the latter it is shown that the
force on a body to O(R) is not in general reversed by a reversal of the body
translation velocity.

For the class of rotating axially symmetric bodies in translation, we consider
as specific examples that of the rotating translating sphere and that of an axi-
symmetric dumb-bell-shaped body in pure rotation about its axis of symmetry.
In the former example, we obtain a more general form of the results obtained by
Rubinow & Keller (1961) concerning a rotating translating sphere, and in the
latter we demonstrate that for an axially symmetric body without fore-aft
symmetry, a pure rotation about the symmetry axis can, in general, produce
a force of O(R) on the body directed along its axis, although the body is not in
translation. Such a force is invariant to the direction of rotation,

A short discussion is then given of the applicability of the general theory to
non-steady problems for which it is shown that, in considering the fall under
gravity of a body of arbitrary shape through a fluid, the positions of equilibrium
orientation may be found to O(R) from the theory although the general motion
may not be steady. For such a problem, the general formulae derived for steady
motion cannot be used to predict the complete body motion, except for very special
cases for which the body motion may be completely ‘quasi-steady’. One example
of such ‘ quasi-steady’ motion is that of the free fall of a spheroidal body of small
eccentricity. This problem is considered in detail, it being shown that such a body
takes up a stable equilibrium orientation with its axis horizontal or vertical
according to whether it is prolate or oblate.
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Finally, formulae are given for the force and couple to O(R) on a non-rotating
body in uniform translation as calculated by the Oseen equations. It isshown by
the consideration of a dumb-bell-shaped body that the force on a body as calcu-
lated by the use of these equations is, in general, incorrect to O(R). This rectifies
an error made in Appendix 2 of the paper by Brenner & Cox (1963), where an
attempt was made to prove the above statement by the consideration of a slightly
deformed sphere.

2. The inner and outer expansions

We consider a body with a surface B’ of arbitrary shape rotating and/or
translating in an incompressible fluid at rest at infinity in such a manner that the
motion is steady relative to some inertial frame of reference. Thus we restrict
ourselves to the following two classes of problems: class (a) bodies of arbitrary
shape in pure uniform translation; and class (b) axially symmetric bodies in
uniform rotation about their axes, together with a uniform translation in some
arbitrary direction.

By choosing an origin of co-ordinates O fixed in the body and lying on the axis
of symmetry for class (b) [or anywhere within the body for class (a)], we may
define the (dimensional) velocity V' and angular velocity €2’ as being respectively
the velocity of O and the angular velocity of the body relative to non-rotating
axes moving with O.

Define ¢ to be a characteristic body dimension and U to be any characteristic
velocity which we could take to be equal to either | V’| or |cQ’|. The fluid velocity
u’ and pressure p’, together with the general position vector r’ (taken relative
to O) may then be expressed as dimensionless (undashed) quantities by the
relations

u=w/U, p=(c/pnl)@ -ps) r=r1c (2.1)

where p_, is the constant pressure at infinity.
The equations of general fluid motion relative to O may then be put in the
dimensionless form .
V2u-Vp = Ru.Vu, V.u=0, (2.2)

with the boundary conditions

u=Ar on B,
| @9

u—>~-V as r—>o0,
where V and  are the dimensionless body velocity and angular velocity given by
V=V/U, Q=Q'/U). (2.4)

B is the body surface expressed in dimensionless form and R the Reynolds
number defined as (cUp/u).

In solving equations (2.2) with boundary conditions (2.3) we proceed by
forming inner and outer expansions in a manner similar to that done by Brenner
& Cox (1963) for a body in pure translation. The details of this procedure are
therefore not given here.
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628 R.G.Cox

The velocity and pressure fields may be expanded in the neighbourhood of
the body as

u= u0+Ru1+o(R),} (2.5)
P = po+Bpy +o(R), '
which we call the inner expansion. (u,,p,) satisfies
Viu,—Vp, =0, V.y;,=0,
Uy — VP Yo } (2.6)
u, =Qar on B,
whilst (u,, p,) satisfies
Viu,—Vp, =u,.Vuy,, V.ou, = 0,} 2.7)
u;=0 on B
Defining outer variables by the relation
# = Rr, (2.8)
the outer expansion may be seen to be of the form
=—-V+RU R),
u + RU, +o(R) } (2.9)
P =ERP, +o(R?),
where (U,, P,) satisfies
VU, + VP =-v.9U0,, V.U, =0
1tV 1 1 } (2.10)
U,->0 as #—>o0.

The inner boundary conditions on (U,, ;) and the outer boundary conditions
on (u,,p,) and (u,,p,) are determined by the required matching of the two
expansions.

It may be shown that the asymptotic expansion for large r of the zeroth-order
inner approximation (u,, p,) is

U, = -V %[S(Fo)]""\pqip'V[S(iq)]>} (2 11)
Po = — HF )]+ Ap0d5 . Vi), '
where [s(a)] and [¢(a)] are defined by
[s(a)] = (a+r.ar/rd)r, (2.12)
[t(a)] = 2a.r/r3, } '

i,, i, being unit vectors-in the p and ¢ Cartesian directions and F, the Stokes

force on the body. A,, is a second-order tensor dependent only upon the shape
of the body.

The first-order outer approximation (U,, P,) may then be determined from the
equations (2.10) together with the required matching conditions as

U, = —%{Fo+%2(i'.Foi")} exp[—%(VF+V.f)]+;I—,{l—[l+%(Vi+i‘.V)]
xexp[— 3 Vi+V.8)}(F,.V)VIn(Vi+ V.§),

(2.13)
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From the matching conditions, the outer boundary conditions on (u,, p,) may
be obtained, from which the value of the asymptotic expansion for large r, of the
solution of equations of (2.7) may be obtained as

u, = —%(V.V)[r(—3F,+r.For/r?)] + % (8F, V2 - V.F, V)/V
+ 32, (V. V) (i, . V) [r(—3i,+r.i,r[r?)]
+357 H{Fo. 1Fo— Fir + 2(F,. 1)’ r/r?} + [8(8)] + O(r~?),

P1 = + 19— F§+ 2(Fo.1)*/r} + [1(8) ]+ O(r),

(2.14)

where § is a constant vector determined by the boundary condition that u;, = 0
on the surface B of the body.

If we define the dimensionless force F and couple G acting on the body in
terms of the corresponding dimensional quantities F' and G’ by the relations

F=F/émucU, G = G'|6muctU, (2.15)
then it is seen that they may be written as

F=F,+RF,+0o(R), G =Gy+RG,+o(R), (2.16)

where F, and G, are the Stokes force and couple due to (u,, p,), with F, and G,
likewise being due to (u,, p,).

Since (ug, p,) satisfies equations (2.6) with the outer boundary condition that
u, >~V as r—> 0, it is seen that F, and G, are related to V and & (see Brenner
1963 and 19645) in tensor notation, by

(Fa); = AyiV;+ Dy Qy,  (Gy); = BV, + E;;Q, (2.17)
where A;=A4, E;=E, B,=D, (2.18)

3. First-order force and couple

The values of the first-order force F, and couple G, acting on the body need the
knowledge of the asymptotic expansion for (u,, p,) to order (r~2, r~3) for large r.
They cannot therefore be obtained directly from the expansions (2.14). We
therefore proceed in a manner similar to that used by Brenner & Cox (1963).

Consider first the more general problem concerning Stokes flow (v, g) resulting
from a given body force field f acting upon the fluid in which there is a solid body
of arbitrary shape with surface B moving with a velocity V and angular velocity
€ (relative to an origin O fixed in the body and moving with velocity V). Thus

Viv-Vg+1=0, V.v=0, v=V+QaronB. (3.1)

The following restrictions are placed on the veetor function f;: (i) f; = O(r~2%) as
r—>o0, and (ii) if f, possesses a term, _,f; say, in ~2 in its asymptotic expansion
for large r, then this term changes sign upon replacing r by —r. v is then of
the form * _

v=v*1+k+0(r1) as r-—>o0,
where k is a constant vector and v* is a vector field which changes sign upon
replacing r by —r.
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We now define %,; to be a function of position defined as the ith component
of the Stokes velocity field resulting from the pure translation of the body with
unit velocity in the jth direction in a fluid at rest at infinity. Consider the flow
field %, = %,; V;, where ¥, is any arbitrary vector. This satisfies

VH-Vp=0, V.u=0,

= } (3.2)
i=V on B, -0 as r—oo.

The quantity %, is a tensor function of position which may in fact be determined
from the knowledge of the Stokes velocity fields resulting from the pure transla-
tion of the body in any three non-coplanar directions.

By taking the scalar product of (3.2) with v and that of (3.1) with @i, subtracting
and taking the volume integral of the resulting equation over the fluid contained
within a large sphere, it may be shown that the force F on the body B due to the
flow (3.1) is given by

1

where I is the entire fluid volume. The details of this proof are given in a disserta-
tion by the author (Cox 1964).

In a similar manner we define %,; as the ith component of the Stokes velocity
field resulting from the pure rotation of the body B with unit angular velocity
about an axis in the jth direction in a fluid at rest at infinity. The couple G on
the body due to the flow (v, ¢) may then be written

G; = By(V;—ky) + B Qf+%,frﬁﬁf:'dv' (3.4)

The quantity @,; is a tensor function of position and may be determined from
a knowledge of the Stokes velocity fields resulting from the rotation of the body
about any three non-coplanar axes.

Returning to the equation (2.7) it is seen that we may now find the force F,
and couple G, in terms of %;; and 4,; by the use of equations (3.3) and (3.4) with
f = — (u,y.Vu,), when it is noted that by the linearity of the Stokes equations, u,
itself may be written as

(u0)s = Bjp Qp + s V= V. (3.5)
From the asymptotic form of u, given by (2.14), it is seen that k must be taken
to be k = %(3F,V2—V.F,V)/V. (3.6)

Thus, after some manipulation of the volume integrals and by the use of the
asymptotic forms of u,, u;;, 4;; for large values of r (see Cox 1964), one finally
obtains formulae for F, and G, which, when combined with equations (2.16) and
(2.17), yield the values of F and G to O(R). Hence

F;, =1F,+2F, + o(R), (3.7)
where 1F; = (A;V;+ Dy Q) — 6 RA {34, V. V?
+3Dy Q. V2= (Ve AWV, — (Ve D Q) V)V, (3.8a)

and 3F, = (1/6m) RIKEERQ,Q,, + 2KTET O, + KEITHY,]  (3.8b)

im
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or alternatively, if V <+ 0, '
F, = (1/67) B3y~ ViVy| V2) [KEER Qy Q2K ZET QY+ KEET V]

—(1/67rV2)RVQ [KEEEQQ +2K§:’:":;Q,Vm+Kf,%'Z;VV] (3.8¢)
while similarly G, =1G;+%G;+o(R), (3.9)
where 1G; = (B,V, + E;Q;)
—sBB {34,V V243D, V2~ (Vi AyW)V;— MD)W}V (3.10a)
and °@Q, = (1/6m) RIKEER Q.. + 2KEET Q. + KEZTVV, ], (3.100)
or alternatively, if Q 5 0,
= (1/6m)R(8;, — Q,; Q,/Q?) [KEERQ,Q, + 2KEET Q¥ + KETT WV,
—(1/67er)RV Q,[KZEEQ Q. + g',’,f,TQ,V +KZETKY,].  (3.10¢)

The various third-order tensors occurring in these relations may be written in
terms of #;; and 4;; as

Ktlm = f szaﬂakmdv’ Kizl'rlrET f ejkz J'l(ukm—akm)dv

1 _ _ - _
K{IT = — 3 { f (~ot;) dS,, +f (—o¥%my) dSz} +f iU — 1) (U — Siem) BV,
St Sr r

K5 = [ utytindV. KB = [ Gnitin—0un) 27,

1 A~
K57 = =5 |t [ Ctmddsif+ [ a0 Gun— 1) 47
L L

(3‘11)

in which the third-order tensor functions é;;; and &, are respectively defined to
be the rate-of-strain tensors corresponding to the flows %;; and 4, i.e.
Ciks = B Wy p + s, 5)s s = By n+ s, 5)- (3.12)

The quantities (_,%;,) and (_,f;) are respectively the terms in the asymptotic
expansions of %; and @, for large » which are homogeneous in r—2. Thus the
surface integrals in (3.11) which are taken over a large sphere S, of radius L are
in fact independent of the actual value of L.

4. Force and couple on body to O(R?1n R)

The form of the inner expansion for (u, p) may to O(R?) be shown to take the
form (see Brenner & Cox 1963)

u = u0+Ru1+(RzlnR)u2+R2ﬁz+o(R2),} @1)
P = py+ Rp, + (R?In B) p, + BB, + o R?), '
where (1i,, P,) satisfies the equations

Vi, —-Vp, = u,.Vu,+u,.Vu,, V.4,=0, (4.2)
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and (u,, p,) the Stokes equations
Viu,—Vp, =0, V.u,=0, (4.3)
with the boundary conditions that
u,=0 on B and u,—>d as r—oo, (4.4)

where d is a constant vector determined by the term involving Inr in the
asymptotic expansion of @1, for large values of 7. Such a term is of the form
dinr,

Thus by using the asymptotic expansions (2.11) and (2.14) for u, and u, one
may evaluate the asymptotic expansion for (u,y.Vu,;+u,.Vu,) and hence find
that term in the asymptotic expansion of u, which involves Inr (see Cox 1964).
Thus we obtain the value of d as

d = 335{— 31F,. VF,+ TF2V}. (4.5)
The force F and couple G acting on the body must be of the form
F = Fy+ RF,+ (R*In R) F, + O(R?), }
G = G+ RG, + (R?In R) G, + O(R?),

where F, and G, are the result of the flow field (u,, p,). As we have seen, this
flow field is just the Stokes flow of the fluid past the body with velocity d. Hence

it follows that (Fy); = —Ayd;, (Gy); = —Byd, (4.7)

7

By making use of the equations (4.5), (4.6), (4.7) and the values of F,, G,, F,
and G, already obtained we may write down the value of F and G to O(R%In R)
immediately as

(4.6)

F, ='F+*F,+0(R%), G;='G;+G;+0(R, (4.8)
where
W = (A Vi + Dy Q) — % RAG{3VH A Vi + Dy )
~ Ve AuVi+ Vi Dy Q) V}V
+35350(R2In B) 3L(V, AV + Vi, D3y ) A (A i Vi + D Q)
=AY+ Dy Q) (A Vi + D Q) A5V} (4.9)
and 1G; = (B;V;+ E;; Q) — BB {3V (A4, Vi + Dy )
— (VA + Vi D) VHV
+325(B?In B) 31(V, AW+ Vi D3y ) Bis(A Vo + Dy Q)
~ AW+ Dy Q) (4 Vi + Din Q) BV}, (4.10)
2F; and %Q; being given respectively by the equations (3.85,¢) and (3.10b,¢).

5. General discussion

In the formulae (4.8), (4.9) and (4.10) for the force and couple on the body to
O(R%*In R), it should be noted that if we reverse the velocity V and angular
velocity £ of the body, the force 'F and couple 1G are reversed, whereas 2F and
tG remain unaltered. It was to give 1F, !G and 2F, 2G these properties that the
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force F and couple G were so divided into these parts. Whereas 'F and G may
be calculated solely from a knowledge of the tensors 4, B;;, D,; and K; (i.e. the
values of the forces and couples on the body due to the Stokes flows #;; and 4,;),
it is necessary to know the complete fields %; and @, in order to calculate 2F
and 2G.

The foree %F, (for V + 0) given by equation (3.8¢c) is seen to consist of the
sum of the forces

+(1/6m) B(8y, — V; V| V2 [K7IF Qy Qp + 2KZET OV, + KZimT ViV,
and ~(1/6m) R(V, Q| V*) [KFHEQy Q.+ 2K TR OV, + KTET VIV,

P

the former being a lift force (perpendicular to V;) and the latter a drag force
(parallel to ¥;) which vanishes for & =0.

In a similar manner 2G; (for Q + 0) given by equation (3.10¢) consists of the
sum of the couples

+(1/6m) B(3,;, — Q;Q,, Q) [KERE Q0 Q,, + 2KTRT OV, + KT ViV,

plm

and ~ (1/6m) R(Q,;V,/Q2) [KFEEQ,Q,,, + 2KTET QV,, + KZETWV,],

Im plm plm

the former being perpendicular to © and the latter parallel to £ and vanishing
for V = 0.

Should the body B possess certain types of symmetry properties, then restric-
tions are automatically imposed upon the form which may be taken by the
various tensors occurring in the equations (3.8) and (3.10) for the force and couple
on the body (see Brenner & Cox 1963) and Cox (1964). The form the restrictions
take for a particular tensor and for a given body symmetry property depends on
the order of the tensor and whether it is a real tensor (i.e. a relative tensor of
even weight) or a pseudotensor (a relative tensor of odd weight). We note that
in the relations (3.8) and (3.10) the types of the tensors occurring are:

(i) second-order real tensors, these being A,; and E;; for which there exist
the relations
(ii) second-order pseudotensors, these being B;; and D,;;

(iii) third-order real tensors, these being KZEE, KZIT KEET for which

pim > pim
KERR = KEER, KIET = KIZF: ©:2)
(iv) third-order pseudotensors, these being K25ET, KEEE, KETT for which
KifRR = KFRF, KOoT = KTTF. (5.3)

Hence, for bodies possessing symmetry properties one may write the equations
(3.8) and (3.10) for F and G in a simplified form. In particular one finds that *F
or %G (or cerfain of their components) vanish for certain types of symmetric
bodies thus enabling the calculation of F and G (or certain of their components)
from the values of the tensors 4,;, B;;, D,;, E,; alone, the calculation of %,;; and
#;; and of the various third-order tensors KIEE, KTTT etc., then being not
required.
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6. Two classes of problems

We now examine the forms taken by the formulae (3.8) and (3.10) for the two
classes of problems described in § 2. The first of these (class (a)) is that of a body
of arbitrary shape in pure translation whilst the second (class (b)) is that of an
axially symmetric body in translation in any direction together with a rotation
about its symmetry axis.

Class (a)
For non-rotating bodies, the formula for the force F takes the form
F, = \F,+2F,+O(R?), (6.1a)

where 18, = A,V —(3/16 V) R(3V2A,;— 8,V AW} Ay Vi
+355(R%In R) {314,;(V, Ay W) — 18(Vi A g Ao Viu)} A5 Ve (6.10)

and *F, = (1/6m) R(3,, — ¥,/ VARV, KZZT, (6.1c)
whilst that for the couple G takes the form
G, =14, +2G,+ O(R?), (6.2a)

where 1G; = B,V (3/16V) RB,{3V2A,, Vi~ (Ve AWV}
+335(R%In B) B;{31(V, Aig W) A, Vi — TV A g A1 Vi) Vi) (6.2b)

and 2@, = (1/6m) RVV,, KBEIT, (6.2¢)

the tensors KZLT, KETT being given by the equations (3.11).

The value of F so obtained is in complete agreement with that obtained by
Brenner & Cox (1963) and all the results given there regarding the vanishing of
2F (or certain of its components) for symmetric bodies still hold. However, in
addition we can now set up, by the use of the fact that KEZ7 is a third-order
pseudotensor, a list of body symmetry conditions implying the vanishing of 2G
(or certain of its components); e.g. (i) 2G = 0 for all V if the body transforms
into itself under rotations of {7 about axes 1 and 2, (ii) 2¢, = 2G5 = 0 for V lying
in plane 1 if the body transforms into itself under either a rotation of 7 about
axis 1, or a reflexion in plane 1. A more complete list is given by Cox (1964).

Class (b)

We consider now a body axially symmetric about an axis 1 which rotates with
an angular velocity & = (£, 0,0) and translates with a velocity V which, by
a suitable choice of axes, may be written as V = (1}, ¥,,0). From the equations
(3.8) and by the forms taken by the various tensors for axially symmetric bodies
it may be shown that the force F on the body is the same as that for a translating
non-rotating body except that there is now an additional force F* given by

FY = (1/6m) RIKTFR(1 - Vi V?) Q1+ 2KR{7 VO V3,
F} = (1/6m) BR{— KITRQIN V| V2~ 2KTFT QW W/ V3, (6.3)
F§ = (1/6m) R2KLET Q, W3}
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In a similar manner, it may be shown that the couple G is the same as that
for the non-rotating body with an additional couple G* given by

G} = By, Q, + (1/6m) B{— KHFF Q, 1},
G% = (1/6m) R{+ 2KELT Q, W}, (6.4)
G =0,

the term E,, Q, occurring in G being the Stokes rotational drag.

For an axially symmetric body with fore-aft symmetry, the extra force F* and
couple G* due to the rotation, reduce to

F¥=Ff=0, Ff=(1/6m)R2KEET Q) (6.5)
and G =E;Q, Gf=Gt=0. (6.6)

Thus the effect of rotation on such a body is to produce a lift force on the
body in the direction of axis 3. Rubinow & Keller (1961) obtained the value of
this force for the particular case of the body being a sphere, its velocity and
angular velocity being respectively V = (0, ¥,, 0) and = (Q,, 0, 0). This problem
will be considered in greater detail in § 8.

A rotating axially symmetric body (without fore-aft symmetry) which is not
translating relative to the fluid at infinityt possesses a force and couple acting
upon it, their complete values (see equations (6.3) and (6.4)) being given by

F, = (1/6m) RKTERQE + O(R?), Fy= Fy=0 (6.7)
and G, =E,;Q,+0(R?), G,=0G;3=0, (6.8)
the axis of the body and of the rotation being taken as the axis 1. Thus there
exists a force proportional to RQ? acting on the body in the direction of its axis

which is unaltered by a reversal of the angular velocity. The couple on the body
to the order in R considered is just the Stokes couple for the given rotation.

7. Two examples of class (a) problems
(i) Example 1: A spheroid in pure translation
For a centrally symmetric body in pure translation the complete force F and
couple G acting upon it are
F; = A;V;—(3/16V) R{8V?A ;- 8,y(V. AV} Ajon W
+350(R?In R) {314,,(V, AyV) — 10V, Ay Ay Vi )} 43V, + O(B?), - (7.1)
Q; = (1/6m) RKEZTVV,, + O(R?).
For such a body, we note that whereas the Stokes couple is identically zero,

there is in general a couple of O(R) acting on the body. This we shall calculate
for a body whose surface is that of a spheroid of small eccentricity. Using
t For a body not translating relative to a fluid at rest at infinity, the velocity in the
outer region of expansion is of the form
u = RU, +o(R),

where U, is the Stokes velocity due to a point force. Hence the value of k is zero. The
equations (4.8) to (4.10) may therefore be used without modification when V = 0.
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rectangular Cartesian co-ordinates (ry,7,,7;) with origin fixed in the body, we
assume the body surface B to have the (dimensionless) form

r= 1+6{7‘3:—:%(;)}, (7.2)

the term r3 ¢%(1/r)/0r2 being a surface harmonic of order two. The parameter ¢ is
assumed so small that squares and higher-order terms may be neglected. Such
a surface is a spheroid axially symmetric about axis 1.

We may now choose our axes such that the velocity V of the body is
(Vecosa, Vsina, 0) o then being the angle between the translation velocity and
the axis of symmetry. It may then be shown from equations (6.2) that the
couple G on the body is given by

G, = Gy = O(R?), G,=(1/37) RKELT V2sina cosa+ O(R?). (7.3)

G, and G, must in fact be zero to all orders in R by symmetry.

By making use of the results obtained by Brenner (1964a) for the Stokes
flows due to a slightly deformed sphere in translation or rotation we may obtain
the values of %;; and 4,; for a body whose surface is that described by equation
(7.2). These, when substituted into the equation for K%27 (see equations (3.11)),
yield after a long and tedious calculation (see Cox 1964)

KEIT = ——8—7—7—Te+0(62), (7.4)
40

where all terms of O(e?) have been neglected and use has been made of the

orthogonality properties of spherieal harmonics. Hence the couple on the body is

G,=0, Gy=0, G3=-—%2RcV?%sinacosa+ O(R?). (7.5)

Thus we see that in general there does exist a couple of O(R) on a centrally
symmetric body in pure translation.

In §9 we shall consider the free fall of a body with surface B given by (7.2).
For such a motion it will be shown that the equations (7.5) may be used, although
the fluid motion is then not steady.

(ii) Bxample 2: A dumb-bell-shaped body in translation

We consider here an example to show that for an arbitrary body in pure transla-
tion, the force F acting upon it, given by equation (6.1a), is such that it may have
a component of lift which is not reversed by a reversal of V (i.e. that 2F is non-
zero). An attempt was made to prove this result in Appendix 2 of a paper by
Brenner & Cox (1963) in which an error occurred.t However, the general result
is correct as will be shown by the following example.

Consider a dumb-bell-shaped body defined in dimensional variables as con-
sisting of two centrally symmetric bodies P and ¢ whose dimensions are of the

+ This error occurred on page 593, line 3, which should have read
H(a,a,...a,) = r~*-1 (homogeneous polynomial of degree u in ;).
The argument following this statement is therefore rendered invalid.
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same order of magnitude a and are connected by a very thin rigid rod of width
of order d and length b, so as to form one complete composite body. Itisassumed

that d<a<b, (7.6)

so that one may neglect the effect of the joining rod and assume that the mutual
effect of the two bodies P and @ is small. Then it may be shown that for such
a body the values of the components of the tensors KZEE, KTTT and KEET may
be calculated and hence the value of 2F (see Cox 1964).

Choosing rectangular Cartesian axes with the O, axis lying along PQ, we
restrict ourselves to bodies in which the component bodies P and ¢ are ellipsoids
of revolution with their axes of symmetry lying in the plane 3 (i.e. the plane
containing axes 1 and 2) in such a manner that the body @ is the mirror image
of P in a plane which is the perpendicular bisector of the line Pg. It may then
be shown (Cox 1964) that the force F (made dimensionless by the length b) acting

on such a body is F = IF + °F + O(RY),
where 'F is given by

1, = Ay V“'?TR(Au)2 VE+5(REIn R) (4,,)3 Vs,}

(7.7)
1F, =0, F=0
and %F by 2F,=0, *F,=0, } (1.8)
2F, = ¥a/b)?RV2AL (345, — 24T, '

where A7, is the value of the Stokes resistance tensor (made dimensionless by the
length a) for the body P alone. The quantity 4,, occurring in (7.7) is

Ay = 2(a/by AL + O(a/b)2. (7.9)
Thus the value of Af; may be chosen such that 2F, is non-zero, thus giving us our
desired result. It should also be noted that in the above example ?F is non-zero
despite the fact that 'F is a pure drag force to O(R2In R), the velocity V being
in the direction of a Stokes principal axis of resistance (i.e. in the direction of
a principal axis of the tensor 4,;). Thus we have shown that even for translation
in the direction of a principal axis of resistance we may have a lift force on a body
of O(R) which is unaltered by a reversal of the direction of translation.

8. Two examples of class (b) problems
(i) Example 1: A rotating translating sphere

Consider a sphere being translated with velocity V = (V cos§, V sin 6, 0) and con-
strained to rotate with angular velocity Q = (Q, 0, 0). Then by the use of equa-

tions (6.5) and (6.6), it may be seen that the complete force and couple on the
sphere are given by

F, = Veos{d,, — §RA% + %&(R%*In R) A3} + O(R?),

F, = Vsin {4, — $RA% + 2(R*In B) A%} + O(R?), (8.1a)
Fy = (1/6m) R{2KTET QV sin 6} + O(R?),
and G, = E,Q+0(RY), G,=04=O0(R?, (8.1b)

use having been made of the form taken by the tensors 4,;, By, etc., for a sphere.
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The value of KLET may be found from the relations (3.11), the tensor function

u,; and 4, being easily obtainable for a sphere. Also, since A,, = —1 and
E,, = —%, we obtain finally
F, = —Vcosf(1+4R+ &R%In R) + O(R?),
F, = —Vsinf(1+ 3R+ %R n R)+ O(R?), (8.2a)
F; = + $RQV sin 0 + O(R?),
and G, =—-3Q+0(R?), @Q,=G;=O0(R?). (8.2b)

When the velocity of particle translation and its axis of rotation are perpendicular
(i.e. 6 = 4m) the above values for F and G are in complete agreement with
Rubinow & Keller’s (1961) results for this case.

(ii) Example 2: a dumb-bell-shaped body in pure rotation

We consider now an axially symmetric body (without fore-aft symmetry)
consisting of a dumb-bell as defined in § 7 (example 2) in which the component
bodies P and @ are spheres of radii A¥a and A% respectively, A¥ and A9 being
unequal and of order unity in magnitude. Suppose such a body is rotating about
its axis of symmetry with angular velocity Q, the velocity of translation V being
zero. Then, if we take axes as before with the axis 1 lying along PQ, the force F
and couple G on the body are given by the equations (6.7) and (6.8). The value of
the tensor component K75 may be shown to be (Cox 1964)

KTER = 2mAP AQ{(A9) — (AP)4} (a[b)® + O(a/bY.
Hence F, = }APAQ{AQ)t— (AF)4} (a/b) RQ2+ O(R?), F,=F,=0.
Thus there exists a force on the body in the direction of its axis of symmetry
from the smaller to the larger sphere. It should be noted that this force is

proportional to Q2? and therefore acts in the same direction along the axis,
whatever the direction of body rotation.

9. Quasi-steady problems

The equations obtained in §4 for the force and couple on a body to order
(£2In R) have been obtained on the assumption that the motion is steady relative
to some uniformly translating frame of reference. However, the theory would
be expected to remain valid for non-steady motions so long as they are such that
their time scales of the variations of the velocity V and body orientation are very
large, i.e. in our dimensionless variables dV/dt and § are very much less than
unity. Such motions we shall call quasi-steady.

Consider a body moving through a fluid with a given external (dimensionless)
force ¥*(=F* /6mucU) and couple G* (= G*'[6muc?U) acting upon it (about an
origin fixed in the body at its centre of mass). The equations of motion for the
body then take the dimensionless forms

6m(F;+ FY) = (p,/p) RM dV;/dt, }

6m(G;+6Y) = (p,lp) RA(I,Qy)/ds,
where p, is a characteristic density of the body, M is the dimensionless mass of
the body (= M’[p,c®), I;; is the dimensionless inertia tensor of the body

(9.1)
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(= Ii;/p,c®) about the origin and F; and G; are the dimensionless force and couple
acting on the body about the origin as a result of the fluid motion.

Under conditions of equilibrium orientation (i.e. for & = 0 and V independent
of time) the equations of motion (9.1) become

F+Ff=0, G+GF=0, (9.2)

where F; and G, are given to O(R%In R) in §4, since under such conditions the
fluid motion is steady. However, the full equations (9.1) may be used in con-
junction with the values of F; and G, given in § 4 for motions which are arbitrarily
near an equilibrium state since for such motions dV/dt and £ may be made
arbitrarily small (of order 8, say), the effect of non-steadiness of fluid motion then
being of order RS. (Note: care must be taken to include all terms to whatever
order one is working.)

There are circumstances in which the equation (9.1) may be used in con-
junction with the values of F and G given as in §4, to give the complete body
motion. For example, consider a body which is undergoing a motion in which
dV,/dt and Q, are both of order § where ¢ is a small parameter. Then if R is small
and p,/p so large that (Rp,/p) is of order unity (e.g. a solid particle falling through
a gas), we may use the expression in § 4 for F; and G, in conjunction with (9.1) so
long as all terms have been included to the order to which we are working.

As an example of a body exhibiting such quasi-steady motion we consider the
free fall in a fluid of a spheroidal-shaped body of uniform density whose surface
is described by equation (7.2). By taking the origin of co-ordinates at the centre
of such a body, the equations of motion (9.1) yield

+2R(KERT Q) = (o /o) RM dV/dt,  (9.3)

6”Eij Qj + R{Kﬁ'ﬁR Ql Qm + Kﬁgt'TVle} = (ps/p)R d(Iﬁ Qf)/dt’ (9'4)

where we have neglected the terms in (R?In R) in the formulae for F; and G;. It
will now be shown that for such a motion that Q and dV/dt are small thus verifying
the assumption that the effects of non-steadiness may be neglected.

We suppose that p,/p is large such that (p,/pR) is of order unity. Assume that
= 0(d), where §is a small parameter. The time required for the body to change
its orientation by an amount of order unity will then be O(6-'). Thus
dQ/dt = 0(6%) and dV/dt = O(6). Hence, in equation (9.4) the term E;Q; is of
order 6, the term RKEEEQ, Q. is of order Ré?, the term RKELTVV,, is of order R,
and the term (p,/p) Rd(1;Q;)/dt is of order &2. Therefore if this equation is to be
satisfied ¢ must be taken equal to R. Thus the time scale for the change in body
orientation is R—1. We shall therefore write

t = R, (9.5)
and expand V and € in terms of R as

Vi = (o) + B(V); +o(R), }

(9.6)
Q; = B(Qy);+o(R).
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Substituting (9.5) and (9.6) into the equations (9.3) and (9.4) and equating
like powers in R, we obtain
J
6m.A4,;(V); — (3/16W) 6m{3(Vo)2 Ay ~ 5l (Vo) AVl I} A i (Vo)um
= (ps/p)RMd(VO)L/dtf (9.8)

6mE ;(Qy);+ Kin T (Voh(Vohm = 0, (9.9)

Fi+4,W); =0, (9.7)

the effect of the unsteadiness of the motion being of order RB%. Equation (9.7)
gives the velocity V, in terms of the body orientation, which when substituted
into (9.9) gives the angular velocity (,). This in turn determines the change in
body orientation, thus giving £, and V, as functions of time. The value of V,,
when substituted into (9.8), gives V, as a function of time.

Take axes fixed in our spheroidal body such that the axis 1 lies along the
symmetry axis and the force vector F*lies in the plane 3 (containing axes 1 and 2),
the assumption here being made that, throughout the body motion, the symmetry
axis always remains in the same vertical plane. We let a be the angle between
the axis 1 and the gravitational force F*. Since, for our body,

A’I:J' = —81‘1+0(€), (9.10)
it follows from (9.7) that the angle between F* and V is of order . Hence using
the value of the tensor K%Z7 obtained in §7 the equation (9.9) yields

67 E ;;(2;); + 0;3( — 3%me) Visinacosa = 0, (9.11)

where terms of O(e2) have been neglected.
For the spheroid
B, = —%0;+0e), (9.12)

from which it may be deduced that the angular velocity & = RS, + o(R) of the
body is of the form (0, 0, ;), where

Q; = — &5 ReV2sinacos a +o(R).
Since Q; = —da/dt, it follows that we now have an ordinary differential equation
for « which may be solved to give
tana = 4 exp (F5Re V%), (9.14)

where A is an arbitrary constant determined by the value of « at t = 0.

Thus there are two positions of equilibrium orientation, one for which the
body axis is vertical (¢« = 0) and one for which it is horizontal (« = }m). The
equilibrium orientation for which « = 0 is stable for ¢ < 0 and unstable for
€ > 0, whereas that for & = }# is unstable for ¢ < 0 and stable for ¢ > 0. Hence
a body whose shape is that of a spheroid of small eccentricity would, upon falling
through a viscous fluid, take up a position with its axis horizontal if it is prolate
(i.e. if € > 0), or a position with its axis vertical if oblate.

Brenner (1964a) has shown that the resistance tensor 4;; for this particular
example is given by

Ap=—1+8e+0(e?), Ay =Ayp=-1-1c+0(e), (9.15)
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all other A4;; being zero. Thus the body takes up an orientation which makes its
resistance to motion a maximum (i.e. an orientation which makes its velocity
a minimum).

It is seen that the equation (9.14) is unaltered if (p,/p) is of order unity, the
only difference now being that the term on the right-hand side of equation (9.8)
may be omitted.

10. Oseen force and couple on body to O(R)

For the case of the sphere (Proudman & Pearson 1957) and spheroid (Breach
1961), the value of the force to O(R) as calculated by the singular perturbation
technique is identical with that predicted by the classical Oseen equations,
despite the fact that the latter do not furnish the correct asymptotic behaviour
to O(R) in the velocity field. We therefore consider the Oseen equations for a
non-rotating body which may be written in the dimensionless form

V2u—-Vp =—RV.Vu, V.u=0 (10.1)
with the boundary conditions
u=0 on B, u->-V as r-—oo. (10.2)

The force F and couple G, say, acting on the body due to such a velocity field
may be calculated to O(R), in & manner similar to that of §3. Hence we obtain
(see Cox 1964)

F, = 'F,+*E+o(R), (10.3)
where 11? = A;;V;—(3/16¥) RAij{'?’Aﬁch V2— (V;cAlez)V}}’} (10.4)
*F, = (1/6m) R(3y, — V.V, | VO {EZLT ViV,o},
and G, = 1G,+2G,+o(R) (10.5)
where 16; = B,V;~ (3/16V) RB,,{34,.V; V*— (. AuW)V3},
16, = (1jem) ROV}, b o

the third-order tensors KZLT and KEZT being given by
= 1

. - 1 e
T =— 3 { f (o) d8,, +f (—2%mq) dS,} ~3 [f uki,l{ukm —SemydV
St SL r

+ f Tl é‘k,}dV] (10.7)

and

RRTT _

iim -

=st (o) Ay, +f (—2flm:) dSt} "‘% [fr Det, (Bem — Orm} AV

8L
+J‘ ﬁki,m{akl—am}dy]. (10.8)
r

These solutions should be compared with the results given in §3 for the full
Navier—Stokes equations. Thus it is observed that for non-rotating bodies the
formulae for the force and couple to O(R), as calculated from the Oseen equations,
isidentical with that obtained from the full Navier-Stokes equations except that
the third-order tensors K727 and K¥ZT (given by equations (3.11)) are replaced
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by different tensors K5IT and KFZT. It should also be noted that the force on
the body as obtained from the Oseen equations and given by (10.3), (10.4) and
(10.7) is the same as that given by Brenner & Cox (1963). For bodies with the
symmetry properties for which KZZT = 0, one may conclude also that KZZT = 0
(see Brenner & Cox 1963), showing that for such bodies (e.g. a sphere or a
spheroid) one may conclude that

F =F+o(R). (10.9)
Similarly for certain other types of body symmetry for which KfL7 =0, we
have KEFIT = 0 (see Cox 1964), showing that for such bodies

G = G+o(R). (10.10)

However, even for non-rotating bodies considered in this section, we might have
the forces F and F not equal to O(R), i.e. the force on the body as calculated by
the Oseen equations incorrect to O(R). An attempt was made (Brenner & Cox
1963, Appendix 2) to give an example of a body for which F + F by the considera-
tion of a body whose shape was a slightly deformed sphere. However an error
was made which we will now rectify by considering a dumb-bell-shaped body
for which it will be shown that the lift force on it is incorrect to O(R) as calculated
by the use of the Oseen equations.

Thus we again consider the dumb-bell-shaped body defined in § 7 (example 2) in
which the component bodies P and @ are ellipsoids of revolution with their axes
of symmetry lying in the plane 3 (PQ defining the axis 1). However we do not
take this time the body @ to be the mirror image of P in the perpendicular
bisecting plane of PQ. Thus if we take

=0 and V= (V,0,0), (10.11)

then, by the symmetry of the body, it is seen that the value of (F — F) correct to
O(R) is given by

F-F, =0, F,~F,=0, F,—F,=(1/6m)RV¥KILT —KLIT). (10.12)

By using the values of the tensors KZIT and K7 ZT givenin the equations (3.11)
and (10.7) it may be shown after a long calculation that the shapes and orienta-
tions of the component bodies P and @ may be chosen so as to make the quantity
(KEIT — KETT) non-zero (see Cox 1964). Thus the force F on the body as calcu-
lated by the classical Oseen method is to O(R) different from the force F as
calculated by the singular perturbation method. Therefore it may be concluded
that, although the classical Oseen method gives the correct drag to O(R), it does
not in general furnish the correct value for the lift force.
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